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ABSTRACT 
 

A two-dimensional (2D) finite volume model that uses a first order upwinding 
scheme to simulate dam break floods over a complex topography, represented by a 
digital elevation model (DEM), was enhanced by implementing a two-sided cut-cell 
boundary method to represent linear terrain features, such as road and railroad 
embankments, which may significantly influence flood propagation and delineation. 
A special version of the cut-cell boundary is implemented to provide coupled 1D-2D 
simulation capability. 
 
INTRODUCTION 
 
The use of digital elevation model (DEM) as a regular rectangular computational 
mesh offers several advantages in two-dimensional (2D) flood simulations. The need 
for mesh generation is eliminated and the simulation results can be readily imported 
into GIS software to carry out risk and vulnerability analyses. Depending on the mesh 
size, however, the DEM may not resolve adequately certain linear terrain features, 
such as road and railroad, embankments, levees, etc., which may significantly affect 
the propagation of the flood and the extent of the inundated area. 

The present paper describes the enhancement of an existing 2D shock 
capturing, conservative finite volume shallow-water model, which uses a cell-
centered conservative upwinding scheme to simulate dam breaching floods over 
complex topography, by implementing a two sided cut-cell boundary to simulate the 
presence of important linear terrain features in the Cartesian mesh even if their width 
is too small to be represented in the DEM. Two-sided cut-cell boundaries can have 
flow on both sides. The overtopping may occur based on the water depths on both 
sides and the height of the cut-cell boundary. 

A special version of the cut-cell boundary is also developed to represent a one-
dimensional stream on a two-dimensional mesh. This capability allows coupled 1D-
2D simulations of levee overtopping and/or breaching.  



 
Figure 1. Cartesian computational mesh used in CCHE2D-FLOOD. 

 
TWO-DIMENSIONAL MODEL: CCHE2D-FLOOD 
 
Two-dimensional shallow water equations of flow in the horizontal plane can be 
written in vector form as follows: 

SGFU =∂∂+∂∂+∂∂ yxt ///  (1) 
The vectors of conserved variables, U, fluxes in the x and y directions, F(U) and 
G(U), respectively, and sources, S(U), are defined as follows: 
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where h  is the flow depth, u  and v  are the horizontal velocity components, uhQx =  
and uhQx =  are the corresponding unit-width discharges. The water-surface 
elevation from a reference datum is Z , and the Chezy friction coefficient is C . 

Consider the Cartesian regular computational mesh depicted in Figure 1. By 
integrating eq. 1 over a computational cell x∆ × y∆ , and taking the time step to be 

t∆ , the following finite volume discretization is obtained: 
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The intercell fluxes are computed using first order upwinding (Ying et al, 2004): 
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Wetting and drying is handled by defining a small water depth over the entire 
computational domain. Special algorithms are used for handling abrupt changes in the 
bottom topography. The computational domain, which can be a DEM, is surrounded 
by a single layer of ghost cells used for implementing various types of boundary 
conditions, such as: prescribed discharge inlet boundary, prescribed water-surface 
elevation boundary, fully reflecting wall, non reflecting outlet boundary, etc. 



 
Figure 2. Projection of a road embankment onto the Cartesian mesh and the 

ghost-fluid method to compute cells affected by a cut-cell boundary. 
 

CCHE2D-FLOOD is a robust and stable model and conserves mass 
rigorously. It has been verified using various analytical solutions and numerical tests, 
and validated by the laboratory field data available in the literature (Ying et al., 2003a 
and b; Ying and Wang, 2004; and Ying et al., 2004). 
 
TWO-SIDED CUT-CELL BOUNDARY METHOD 
 
Cut-cell boundary methods have been in use for defining irregular flow boundaries in 
a regular Cartesian mesh. Ingram et al. (2003), and Zhou et al. (2004) have used cut-
cell boundaries in finite volume models for solving shallow water equations. In all 
these examples, the cut-cell boundaries are exclusively implemented to define an 
external or internal boundary with water on only one side. 

In the present study, the cut-cell boundary method is used to represent linear 
terrain features, such as road and railroad embankments, which may be overtopped 
when the flow depth is sufficient. Considering also that the flow may be present on 
both sides, a two-sided cut-cell boundary approach was developed and implemented 
in CCHE2D-FLOOD. As it will be shown, presence of the water on both sides and 
the overtopping of the cut-line present special challenges that needed to be overcome. 

Referring to Figure 2, the linear terrain feature is projected onto the DEM 
from a GIS shape layer by imposing that a cell can only be cut by a single straight 
line. Conserved variables in cells with one or more neighboring cell centers located 
on the other side of the cut-line cannot be updated using the computational stencil 
defined by eq. 3 (see Figure 1). The ghost fluid method by Ghias et al. (2007) was 
used to develop a special procedure to calculate these types of cells. This procedure 
does not require reducing the time step to meet the CFL condition for stability. 



In the upper right hand corner of Figure 2, where some cells are numbered for 
ease of reference, the thick black line represents the cut-line projected onto the mesh. 
The neighboring cell 8 being on the other side of the cut-line, the computational 
stencil for cell 5 is incomplete. The cell 8 is, therefore, labeled as a Ghost Point (GP) 
with respect to cell 5. The cut-cell boundary method employs a two-step procedure. 
First, ghost fluid method is used to assign values to the conserved variables at GP to 
satisfy the following boundary conditions along the cut-line (boundary point 56B ): 

56wn qQ =  ; 0/ =dndQt  ; 0/ =dndZ  (5) 
where nQ  and tQ  are the normal and the tangential components of the discharge, 

[ ]yx nn ,=n  the vector normal to the cut-line and q the overtopping discharge. In the 
second step, the computational stencil is applied using the assigned values at GP. 

To assign the values of the conserved variables at GP, the point GP is reflected 
to the other side of the cut-line to obtain the Reflected Point (RP), which is located in 
the rectangle formed by the cells 1, 2, 5, and 4. Any variable, φ , at point RP can be 
written using a bilinear interpolation based on the values in corners 1, 2, 5, and 4. The 
coefficients of the bilinear interpolation are obtained by solving the following system: 
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Interpolating the values of ( )RPxQ , ( )
RPyQ  at RP, the values of ( )GPxQ , ( )

GPyQ  
at GP are computed by a linear extrapolation. Note that: 
( ) ( ) ( ) yRPyxRPxRPn nQnQQ +=  and ( ) ( ) ( ) xRPyyRPxRPt nQnQQ +−=  (7) 

The first and second boundary conditions at point 56B  respectively lead to: 
( ) ( )RPnwGPn QqQ −=

56
2  (8) 

( ) ( ) .RPtGPt QQ =  (9) 
The values of ( )RPxQ , ( )

RPyQ  are obtained by solving eqs. 8 and 9 simultaneously. For 
depth at the RP, the imposition of the boundary condition 0/ =∂∂ nZ  implies that: 

.RPGP ZZ =  (10) 
Knowing ( )GPxQ , ( )

GPyQ  and GPZ , the cell 5 is updated by using eq. 3.  
When computing the cell, 8 as shown in the lower right hand side of Figure 2, 

the cell 5 becomes the GP. The RP of cell 5 is located in the rectangle formed by the 
cells 5, 6, 9, and 8. Two corners of the interpolation cell (5 and 6) are located on the 
other side of the cut-line with respect to cell 8 and cannot be used in the bilinear 
interpolation. The simple remedy is to replace the values of the missing corners 5 and 
6 by the boundary conditions at 58B  and 69B , respectively. Consider first the 
replacement of the corner 5 by the boundary condition at 58B . Using bilinear 
interpolation, the components of the discharge at a point ),( yx  can be written as: 
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The first boundary condition (eq. 5) at point 58B  can be written as written as: 
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Letting the tangent vector at 58B  be defined as [ ]
585858

, xyB nn−=t , the second 
boundary condition (eq. 5) can be written as: 
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Using eq. 11 and simplifying, one finally obtains: 
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Eqs. 12 and 14 can be used to replace the missing corner 5 in the bilinear 
interpolation. A similar procedure is also used to obtain a pair of equations to replace 
the missing corner 6. Finally, the interpolation coefficients are obtained by solving the 
following system of equations: 
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The overtopping discharges appearing in eqs. 8 and 15 can be calculated using 
an appropriate weir equation. The user may choose between a trapezoidal road 
profile, which acts like a broad crested weir, and an ogee weir. In both cases, referring 
to Figure 3, the weir equation is given by: 

2/32 ue HLCgQ =  (16) 
where Q is the discharge passing over the weir of crest length L , eC  is the effective 
coefficient of discharge, and uH  is the upstream total head above the weir crest. The 
discharge coefficient for both types of weirs is given as a function of the parameter, 

uHP / , where P  is the height of the weir crest. Detailed information for ogee weirs 
and the computation of the discharge coefficient can be found in USBR (1987). Flow 
over road embankments were extensively studied by Kindsvater (1964). His results 
are summarized in Hamill (1999). It is assumed that the user does not have 
knowledge of the profile of the linear terrain feature and the available data is 
restricted to weir crest elevation and bed and water-surface elevations on both sides of 
the weir. Therefore, the effective discharge coefficient is calculated considering only 
the corrections due to downstream apron elevation and submergence. Other effects, 
such as the slope of the upstream face, roughness, etc., are neglected. 



 
Figure 3. Definition sketches for weir flows. 

 

 
Figure 4. Implementation of weir flow calculation in CCHE2D-FLOOD. 

 
Figure 4 shows the implementation of the weir flow calculation in CCHE2D-

FLOOD. When a linear terrain feature is projected onto the Cartesian mesh, the 
intersections of the projected line with the gridlines are automatically computed, 
numbered, and stored in a database as the numbered vertices of a polyline, together 
with other useful geometric and relational information. In the most general case, three 
types of situations, i.e., submerged flow, free flow, and no flow, may coexist along the 
weir crest between two vertices. Therefore each weir portion between two vertices is 
automatically divided into a number of equal length segments. Considering local 
values of the parameters for each segment, the total unit discharge is computed from: 

( ) ( ) ( ) ( )∑∑
==

=∆=
n

i
iuiie

n

i
iw HLCgLqLq

1

2/3

1
2/1/1  with ∑

=

=
n

i
iLL

1

 (17) 

and stored in a database. At the next time steps, these values are directly used in eq. 8 
or eq.15 for updating the values of the cells affected by cut lines. The results of test 
cases for verification and validation of the model with cut-cell boundary can be found 
in Miglio et al. (2008) and Altinakar et al. (2008). 
 
COUPLED 1D-2D SIMULATIONS USING CUT-CELL BOUNDARIES 
 
In recent years, there has been a growing interest in coupled 1D-2D simulations 
(Verwey; 2001; Lin et al., 2006). In the present study, the cut-cell boundary concept 
was extended to provide coupled 1D-2D simulation capability. The river is projected 
from a GIS-shape layer onto the Cartesian mesh (Figure 5) in the same way as a linear 
terrain feature, with the difference being that, now the river cross sections are also 
provided along with other data needed to construct a one-dimensional model of the 
river. A single line representing the thalweg line is projected onto the Cartesian mesh 



as a cut-cell boundary. The flow in the 2D model cannot cross this line. In this case 
the river cross sections are defined in the local coordinate system. If the river width is 
larger than the mesh size, the thalweg line and geo-referenced river cross sections 
must be provided. The pre-processor projects left and right envelop lines as cut-cell 
boundaries. The cut-lines act like barriers and the cells covered by the river are 
excluded from computation in the 2D model. 1D shallow-water equation is given by: 

S(U)F(U)U =∂+∂∂ xt //  (18) 
where vectors of conserved variables, intercell fluxes and source terms are given by: 
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The finite volume modeling of eq. 19 is described in Figure 5. In the current 
implementation, the 1D model is required to start outside of the 2D model. Various 
types of boundary conditions are available for the 1D model: inlet with hydrograph, 
inlet and outlet with specified head versus time curve, outlet with specified stage-
discharge curve, etc. 1D and 2D models have their own time steps. At the beginning 
of each time step, the exchange discharges between 1D and 2D models are calculated 
using weir equation (eq. 17) based on the water surface elevations in the river (1D 
model) and the 2D model. Only the mass exchange is considered. The  
 

 
Figure 5. Projection of a river onto Cartesian mesh and 1D finite volume model. 



momentum exchanges between 1D and 2D models are not taken into account. It is 
important to note that the user-specified river cross sections do not have to be aligned 
with any grid feature. During the pre-processing phase, when the river is projected 
onto the Cartesian mesh, a table of correspondence between river reaches and the 2D 
computational cells is created and written into an input file read by the program. This 
table is used when computing exchange discharges linking 1D and 2D computations. 
A test case for coupled 1D-2D simulation can be found in Altinakar et al (2008). 
 
CONCLUSION 
 
This paper describes a two-sided cut-cell boundary technique to represent linear 
terrain features, such as road and railroad embankments, in 2D shallow-water models 
even if they are not captured by the DEM due to their relatively small width. This 
two-sided cut-cell technique is based on ghost-cell method. The cut-cell boundary 
method was also extended to provide coupled 1D-2D simulation capability. 
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